Abstract. Let K be an arbitrary field and G a finite group. We will denote by ed K (G) the essential dimension of G over K. A generalization of the central extension theorem of Buhler and Reichstein (Compositio Math. 106 (1997) 159-179, Theorem 5.3) is obtained.
Introduction
Let G be a finite group and K any field (it is unnecessary to assume that K is algebraically closed or char K = 0). The notion of the essential dimension of G over K, denoted by ed K (G), was introduced by Buhler and Reichstein in [BR] when char K = 0. This concept was generalized for an arbitrary field K in [BF] and [JLY] . A central extension theorem was proved by Buhler and Reichstein when char K = 0 [BR, Theorem 5.3] . The purpose of this article is to generalize it to the case of an arbitrary field, i.e., Theorem 1.1. Let p be a prime number and G a finite group. Assume that the following four properties are valid:
(i) K is a field satisfying that either char K = 0 or char K = l > 0 such that G contains no non-trivial normal l-subgroup, (ii) there is an element σ ∈ Z(G) ⊂ G with ord(σ) = p, (iii) there is a linear character χ : G → K × with χ(σ) = 1, (iv) for any τ ∈ Z(G) with ord(τ ) = m, it is necessary that ζ m / ∈ K if σ is a proper subgroup of τ . Then ed K (G) = ed K (G/ σ ) + 1.
Note that Z(G) denotes the center of the group G. We will consider also a split version of the above theorem. Theorem 1.2. Let p be a prime number and G = G × σ be a finite group. Assume that the following four properties are valid:
We remark that in Theorem 1.1(ii), since χ(σ) = 1 and ord(σ) = p, it follows that χ(σ) is a primitive p-th root of unity. In particular, ζ p ∈ K and char K p.
By Theorems 1.1 and 1.2, it is not difficult to prove the following result: If p is a prime number and K is a field such that ζ p ∈ K, then ed K (( /p ) r ) = r. In particular, for a field K with char K = 2, ed K (( /2 ) r ) = r. Note that this result was proved by Berhuy and Favi in [BF, Corollary 4 .16] using a cohomological method.
Standing notation and terminology. . For emphasis, K is an arbitrary field. All the fields in this article are assumed to contain the ground field K. If E is a field extension of K, trdeg K E denotes the transcendence degree of E over K. The order of an element σ in a group G is denoted by ord(σ). When we say that G → GL(V ) is a representation of a finite group G, it is understood that V is a finite-dimensional vector space over K.
We will take the convention that char K n means either char K = 0 or char K = p > 0 with p n. Finally ζ n denotes a primitive n-th root of unity; whenever we write ζ n ∈ K, it is assumed tacitly that char K n.
Preliminaries
Let K be an arbitrary field.
Lemma 2.3. Let R be a rank-one discrete valuation ring (DVR) containing a field K, and let M be the maximal ideal of R. If σ ∈ Aut K (R) satisfies that (i) 1 < ord(σ) < ∞ and (ii) the induced automorphisms of σ on R/M and M/M 2 are the identity maps, then char K = l > 0 and ord(σ) = l r for some positive integer r.
Proof. Let n = ord(σ). If char K = 0, define an integer m by m = n. If char K = l > 0, define the integer m by m = n where n = l r · n with l n . We will show that m = 1.
Suppose not.
Since the induced actions of σ on R/M and M/M 2 are the identity maps, it is not difficult to show that, for any r = 0, 1, 2, . . ., for any u ∈ M r , it is necessary
But m is invertible in K by assumption. Thus we get a contradiction. Now let R, M, K be the same as in Lemma 2.3. Suppose that G ⊂ Aut K (R) is a finite group. Define G 0 = {σ ∈ G : the induced automorphism of σ on R/M is the identity map}, G 1 = {σ ∈ G : the induced automorphisms of σ on R/M and M/M 2 are the identity maps}.
Clearly, G 0 and G 1 are normal subgroups. We will prove that, under suitable conditions, G 1 = {1} and G 0 is contained in the center of G. We will denote by Z(G) the center of the group G in the rest of this paper.
Since M is a principal ideal, we may write
We record some properties of λ σ in the following lemma.
Lemma 2.4. (1) For any
(2) The map Φ :
× is the multiplicative group of the field R/M.
because σ is the identity map on R/M. On the other hand, note that λ 1 = 1.
(2) It suffices to show that, for any
Lemma 2.5. Let R be a DVR containing a field K and let M be its maximal ideal.
Suppose that G is a finite subgroup of Aut K (R) and define G 0 and G 1 as above. Assume furthermore that K is algebraically closed in the field R/M. Then Proof of Corollary 2.6. Assume that Lemma 2.5 is valid.
Note that G 1 = {1}. Otherwise, char K = l > 0 by Lemma 2.3 and G 1 is an l-subgroup of G. Note that G 1 is normal in G. This leads to a contradiction to our assumption. Now apply Lemma 2.5. Since G 1 = {1}, we find στ = τ σ for any σ ∈ G 0 , any τ ∈ G. Thus G 0 ⊂ Z(G). Again by Lemma 2.5 we know that G 0 G 0 /G 1 is a cyclic group.
Proof of Lemma 2.5. Consider the group homomorphism Φ : G 0 → (R/M) × in Lemma 2.4. G 1 is just the kernel of Φ. The image of G 0 is a cyclic group, say, of order m. Let α ∈ R such that α is a generator of the image of Φ.
Since K ⊂ R/M and α ∈ R/M is algebraic over K, it follows that α ∈ K because we assume that K is algebraically closed in R/M. Clearly, char K m and G is a cyclic group.
It remains to show that τ στ
3. Proof of Theorems 1.1 and 1.2
In the situation of Theorem 1.1 write G = G/ σ . In the situation of Theorem 1.2 define a linear character χ :
Step
. By abusing the notation, we will write
Step 2. Let E be a faithful G-subfield of K(V )(x) with ed K (G) = trdeg K E. We will prove that trdeg K E ≥ ed K (G ) + 1.
Let ν be a rank-one discrete valuation on K(V )(x) determined by the prime ideal x in the polynomial ring K(V ) [x] . Let O ν be its valuation ring and M ν its maximal ideal. Then the field K(V ) maps isomorphically onto the residue field of
Note that O ν is invariant under the action of G. In fact, K[V ] is isomorphic to a polynomial ring and K[V ] is invariant under the action of G. Moreover, every element of O ν can be written as
Step 3. Consider the restriction of ν on the field E.
We claim that ν is non-trivial on E. Otherwise, E ⊂ O ν . Thus there is a Gembedding of E into K(V ), because K(V ) is isomorphic to the residue field of ν. However, the element σ ∈ G acts trivially on K(V ) while G is faithful on E. This is a contradiction.
Let R be the valuation ring of the restriction of ν on E and M be its maximal ideal. Write = R/M, the residue field. Since R = E ∩ O ν , it follows that R is invariant under the action of G. Hence there is a natural G-embedding of into K(V ). Note that trdeg K ≤ trdeg K E −1 by [Bo, p. 439 The action of σ on V is trivial while G = G/ σ acts faithfully on V . We will show that G acts faithfully also on . Thus is a faithful G -subfield of K(V ). It follows that ed K (G ) ≤ trdeg K ( ) ≤ trdeg K E − 1, which will conclude our proof of Theorem 1.1 and Theorem 1.2.
Step 4. We will prove that G acts faithfully on .
is the identity map}. Clearly, σ ∈ G 0 . Note that G acts faithfully on if and only if G 0 = σ .
Since E is a faithful G-subfield, the action of G on R is faithful. Thus G ⊂ Aut K (R) and K is algebraically closed in because so is it in K(V ) which contains . Define G 1 = {τ ∈ G : The induced actions of τ on R/M and M/M 2 are the identity maps}. By Corollary 2.6, G 1 = {1} and G 0 is a cyclic subgroup of Z(G). Let m = |G 0 |. Then ζ m ∈ K by Lemma 2.5.
We will show that G 0 = σ , which is equivalent to showing that p = m. Note that m is divisible by p.
In the situation of Theorem 1.1, if p < m, the property ζ m ∈ K violates assumption (iv) in Theorem 1.1.
In the situation of Theorem 1.2, since G 0 is cyclic containing σ, it follows that G 0 = H × σ for some subgroup H ⊂ Z(G ). Should p divide |H|, then G 0 would contain an elementary abelian group of order p 2 . But G 0 is a cyclic group! Thus p |H|. Any prime divisor of |H| is a divisor of gcd{m, |Z(G )|}. If p < m, the property ζ m ∈ K would lead to a contradiction to assumption (iv) of Theorem 1.2.
